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ABSTRACT 

 
In single flow accumulation model, flow direction value in flow node both indicates the direction of flow 

just in single node and roots the accumulation of dependent sub-flows. As the result, changing flow direction not 

only just modifies unique value but also affects to the accumulating values of serial nodes which having related 

to downstream. By modeling flow as graph forest, each changing in graph could make a large timing to 

computing the new graph links, then the computation is required speeding up for specifying all new (sub)-flows, 

location of nodes in flow and new accumulation of nodes, especially in density input DEM as Lidar. This paper 

presents the applying nested intervals tree model for store the flow trees for solving the updating flow direction 

for node problem. 

 

 

1. INTRODUCTION 

 

Single flow D8 algorithm [1] was firstly introduced by O’Callaghan & Mark in 1984. 

Till now, many enhancements for this algorithm mainly come from the way to speedup. In 

the real situation, the flow may carry some substance or bacteria. And the flow will lead to 

some thread if the accumulation over one threshold. So, with one real number given as 

threshold value may be the factor for checking the over accumulation nodes. The traditional 

implementation of D8 model could be used to find out the results. But the next problem is 

how to reduce the accumulation by changing the direction of sub flows. These actions are 

mapped into the reality as change the terrain elevation, using pumping as well as keeping 

flow (remove flow by real wall or building regulator lake). And the graph-based model could 

be used to calculate the flow accumulation as well as detect the set of candidate nodes which 

may be changed their flow direction…. 

As the flow be formed, the database for the flow and detecting its component is 

considered. The main questions or the requests for the design of the database are how to: 

- Easily detecting the behavior of the neighbors of a selected node. For example: 

checking if the nodes in the same tree, tree-branch. 

- Easily making the connection and calculating the accumulation of the set of nodes 

when having changes in direction of flows. 

- Easily for implementing parallelizing the system. 

To answer these above questions, in this research, the one kind of tree model for 

database is chosen. That is the nested interval tree. 
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Figure 1. Graph-based flow presentation: forest graph combined by many trees. 

 

2. METHODOLOGY 

 

2.1 Graph-based flow 

 

By building the graph from flow direction then not only the flow accumulation is 

determined but also the behaviors of graph are inheritance. Especially, when finding the 

location which changing the elevation to obtaining less than accumulation. With traditional 

method, explosive combination is occurred. Graph-base may help more information on sub-

flow neighbor and boundary of each sub-flow.  

 

 

Figure 2. Testing DEM and its traditional flow as well as the graph-based flow 

 

Information supporting in the flow model by graph-based are: set of boundaries points, 

set of easy flow effect locations ... 

 

2.2 Nested interval tree  

 

Offered by V. Tropashko, nested interval tree is one kind of tree-like structures. Each 

node on the nested interval tree with four prime integer numbers forming the reducing 

fraction. The reducing fraction is the result of continued fractions and matrices. This tree does 

not need traverse through all not for query. Because the relationship between ancestor and 
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descendant is reflected. 

For example: the code for node 1.1.2 performed by continued fractions and matrices are 

below: 

1.1.2 = 𝟏 +
1

𝟏 +
1

𝟐 +
1
𝑥

=
5𝑥 + 2

3𝑥 + 1
 

[
𝟏 1
1 0

] . [
𝟏 1
1 0

] [
𝟐 1
1 0

] = [
5 2
3 1

]  ⇔ (
5

3
,
2

1
) ; 

 

Using numbers in system of residual classes method has been presented by A. Malikov 

and A. Turyev (2011). The method avoid using big numbers in intervals (big trees) by 

arithmetical operations. In this method, the tree nodes quantity is estimated by ∏ 𝑝𝑖, with 𝑝𝑖 

are prime numbers. 

Table 1. Maximum coded value by prime number 

Id Prime number Maximum coded value (nodes) 

1 2 2 

2 2, 3 6 

3 2, 3, 5 30 

4 2, 3, 5, 7, 11, 13, 17 510,510 

5 2, 3, 5, 7, 11, 13, 17, 19 9,699,690 

 

 

 

3. PROPOSED ALGORITHM 

 

3.1 Remark from single flow 

 

Properties and advantages/disadvantages of nested interval coding path for single flow 

are: 
• The <.value> range from 1 to 8. The higher values indicate the more flows in the 

next receivers (flow to). This comment is especially true when we build more a nested 
interval tree which the root is the sink node. 

• The length of paths reveals the flow topology. In real, the statistics of length of 
path gives the information about the terrain, sub flow trees, … The length of path indicates 
the depth of the flow tree. That means the length of path is not exceed (n+1), which n is 
number of the forest nodes. 

• The number of nodes of subtrees will be easily calculated by SQL (or string) 
query. 

• Easily check the relation of accumulation when choosing the new flow direction 
in one node. For example: when changing an node label .1.x.y flow direction into .1.w.z, 
the part accumulation of “.1” will not be affected (changed). 

 

3.1 Proposed algorithm 

 

As mentioned, designing database to adapt the analyses is the most important. The three 

main problems are separation/gathering tree branches, search on tree/forest as well as parallel 

processing. Among treelike models in relational database, nested interval tree [5] is more 

fitted because of the ease of tracking changing flow. But to build the nested interval tree, the 

root node must be selected. Despite the flow is directed, the nested interval tree must be 
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undirected. But the tree may be balanced for easily detecting the effect of node having 

changed the flow direction. 

 

This below is the proposed algorithm for path coding outline. 

Input: Undirected graph, a threshold value. 

Output: Nested interval coding path start at the center node of graph. 

Phase 1: Find the eccentricity nodes of graph (forest): 
• Step 1: Reading the graph (forest). Separate the graph into disjointed parts 

(trees). 
• Step 2: For each part, estimate the length of any two vertices in undirected graph. 

In the set of maximum length from one node, the minimum values indicate the 
center point of graph (called eccentricity). Prioritize choosing the nodes having 
more connections among the set of candidate nodes. 

• Step 3: Set the path ‘pi’ for the path of each center node of part pi. 
Phase 2: Build nested interval coding path: 
• Step 4: For each part pi in graph: 
• Step 5: Check the 8 neighbor nodes to set the path (add into candidate list). 

Check the available connection. 
• Step 6: Determine the value add to path (by the existence of the connected 

neighbor nodes) and remove the node in list when check all its neighbor nodes. 
• Step 7: Repeat the step 5 until all of the node of the part 𝑝𝑖found. 

 

 

3.2 Applied nested interval tree in flow problem 

 

The result of building forest from the eccentricity node (for undirected graph of the 

flow). In this example, the eccentricity node is the node having 22 elevation height locate in 

4th row and 4th column: 

Table 2. Nested intervals coding: Path 

.1.3.1.1 .1.4.1.1 .1.4.2.1 .1.4.2.2 .1.5.1.1 .1.5.1.2 

.1.3.2.1 .1.3.1 .1.4.1 .1.4.2 .1.5.1 .1.5.2 

.1.3.2.2 .1.3.2 .1.3 .1.4 .1.5 .1.1.2.1 

.1.3.2.3 .1.3.3 .1.2 .1 .1.1.1 .1.1.2 

.2.1.1 .2.1 .2.2 .2.3 .1.1 .1.1.3.1.1 

.2.1.2 .2.5 .2 .2.4 .1.1.3 .1.1.3.1 

 

Table 3. Nested intervals coding: Interval 

(13/8, 8/5) (19/12,11/7) (27/19,17/12) (46/29,19/12) (31/20,17/11) (48/31,17/11) 

(18/11,13/8) (8/5,5/3) (11/7,8/5) (19/12, 8/5) (17/11,14/9) (31/20, 14/9) 

(31/19,13/8) (13/5, 8/3) (5/3, 3/2) (8/3, 5/2) (14/3, 9/2) (9/7, 5/4) 

(44/27,13/8) (18/11,5/3) (11/7,3/2) (3/2, 2/1) (5/3, 2/1) (7/4, 2/1) 

(5/2,3/1) (3/1, 2/1) (5/2, 2/1) (7/3, 2/1) (2/1, 1/1) (4/3, 3/2) 

(8/3, 3/1) (11/5, 2/1) (2/1) (9/4, 2/1) (1/1) (3/2, 1/1) 

 

 
Nested interval tree has some advantages: 

• Easily calculate the subtrees and their length (by SQL query). 
• Easily replace related branches when updating flow. 
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3.3 Some implementation codes 

 

Here below some codes in Python to implement 

Input: a integer number A and a vector/array of primes pi, A must satisfied the 

condition A<P=p1p2… 

Output: an array of residual number, by alphai=A-[A/pi] pi. 

For example: residual (17, [2,3,5]) = [1,2,2] 

 

This below code is written in Python: 

def residual (number, prime_arr) 

 res = [] 

 for prime in prime_arr: 

  res.append(number – (number/prime)*a) 

 return res 

 

 

3.4 Database additional consideration 

 

In addition, for the reality using, there are groups of cells having spatial relationship. As 

on the same roads, the cells have to have the same height values, so the database must point 

out these relations. When the elevation in one cell is changed, the thresholds of input and 

output could be considered to detect the changing in flows. Each threshold contains two 

values max value and min value, so could be named min_threshold_input, 

max_threshold_input, min_threshold_output, max_threshold_output. The same group cells 

may be considered as the same level of one branch of abstraction tree. 

Besides, the other attributes in each table in database are proposed. Each attribute 

stands for a step in graph computation. For example: the values of keeping flow in an cell 

(default value is 0). 

All in all, the following attributes are listed below: 
• For topology relation part: 
- Set of relation_node_indices values. 

- Set of separation_node_indices values. 

- Value indicating without-changing elevation locations. 

- Value indicating no-flow-adaption, i.e. locations could not for any more flow in. 

• For terrain properties part: 

- Set of tree indices (in nested interval tree) values. 

- keeping_flow: double value. Default value: 0. 

- min_input: double value. 

- max_input: double value. 

- min_output: double value. 

- max_output: double value. 

• For flows relation part: 

- Set of tree indices (in nested interval undirected/directed tree) values. 

- Value indicating without-pump-bridging locations. Single value, combination of eight 

directions value (1 xor 2 xor 4 xor 8… xor 128). 

- Eight directions ranking value for next the flow changing direction. Domain is in integer 

which range [-8. 8]. 
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4. CONCLUSION 

 

The nested interval coding method could help us model the flow for easily solving the 

changing flow to decrease the accumulation problem. The proposed method using 

eccentricities of the trees (one kind of graphs) as root. By putting the roots in the 

eccentricities, the partitions of flow could be easily to analyze. The information while 

changing in flow direction of nodes could be quickly archived because of the paths. For the 

large terrains, the system of residual classes method for nested interval coding could be 

employed to reduce the string manipulating and store. 
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